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Abstract
Manyrecentpublicationshaveshownthat a large varietyof computationinvolvedin computergraphicscanbe
movedfrom the CPU to the GPU, by a clever useof vertex or fragmentshaders. Nonethelessthere is still one
kind of algorithmsthat is hard to translatefrom CPU to GPU: meshre�nement techniques. Themain reason
for this, is that vertex shaders availableon currentgraphicshardware do not allow thegeneration of additional
verticeson a meshstored in graphicshardware. In this paper, we proposea general solutionto generate mesh
re�nementon GPU. Themain idea is to de�ne a genericre�nementpatternthat will beusedto virtually create
additional inner verticesfor a givenpolygon.Theseverticesare thentranslatedaccording to someprocedural
displacementmapde�ning theunderlyinggeometry(similarly, thenormalvectors maybetransformedaccording
to someprocedural normalmap).For illustrationpurpose, weusea tesselatedtriangular pattern,but manyother
re�nementpatternsmaybe employed.To showits �exibility, the techniquehasbeenappliedon a large variety
of re�nementtechniques:procedural displacementmapping, aswell asmore complex techniquessuch ascurved
PN-trianglesor ST-meshes.

CategoriesandSubjectDescriptors(accordingto ACM CCS): 1.3.3[ComputerGraphics]:Line andcurvegeneration
1.3.3[ComputerGraphics]:Displayalgorithms

1. Intr oduction

One ubiquitoustechniqueto generatecomplex geometric
modelsin computergraphics,is to startfrom acoarsemodel
and apply somere�nementtechniquesto get the �nal en-
riched model. The many re�nement techniquesthat have
beenproposedin theliteratureover theyears,canbedivided
in two mainfamilies:displacementmappingthatareusually
employedto addsomegeometricdetailsto a coarsemodel,
and subdivisionsurfacesthat are usedto generatesmooth
surfacesfrom a small numberof polygons.Trying to get a
full GPU implementationof displacementmappingor sub-
divisionsurfacesis challengingbecauseof onemajorlimita-
tion of currentgraphicshardware:thelackof geometrygen-
eration.Indeed,the renderingpipelineof currentGPU has
beendesignedto ef�ciently rasterizea hugelist of indexed
polygons,but it is not ableto generatemorepolygonsthan
thosesentthroughthegraphicsbus,by theapplicationrun-
ning on theCPU.Onemajorconsequenceis that in current
high-endapplications,the whole meshre�nement process
is doneon theCPU,andthehugesetof re�ned trianglesis
thensentto theGPU.Toavoidabandwidthbottleneckonthe
graphicsbus,a trade-off hasto befound,betweenuploading
detailedgeometryor uploadingdetailedtextures.This issue
explainswhy subdivisionsurfacesor displacementmapping
aremainly usedin applicationswheretherenderingis done

(a) CPU (b) GPU (c) Display

Figure 1: Startingfrom a coarsemesh(a) providedby the
CPU, theGPU usesa genericre�nementpattern(b) to cre-
ateanenrichedmesh(c) in a standaloneprocess,thuskeep-
ing the CPU resourcestotally free to performother tasks,
such asdeformingor animatingthecoarsemodel.

off-line (e.g.movie industry)andareseldomimplemented
in realtime 3D engines.Note that somespeci�c tessella-
tion units (that wereable to split somehigh-level geomet-
ric patchinto a set of tris or quads)have sometimesbeen
includedin specializedhardware(e.g.B-SplineandBezier
tessellationon SGI hardware,CurvedPN-Triangletessella-
tion [VPBM01] on the ATI Radeon8500),but no current
standardhardwaredoesincludea generictessellationunit,
that would enablea GPU implementationof multi-purpose
re�nementtechniques.

In this paper, we proposea generalprinciple to generate
meshre�nement on existing GPUs that only requiresan
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easy-to-implementvertex shader. Themainideais to de�ne
agenericre�nementpatternthatwill beusedto virtually cre-
ateadditionalinnerverticesfor a givenpolygon.As a con-
sequence,the footprint of the re�ned meshis dramatically
reduced,both on the CPU and the GPU memory, and the
amountof datathat is transmittedthroughthegraphicsbus
becomestotally independentof the re�nement depthused
for therendering(seeFigure1).

2. PreviousWorks

In the �eld of fast meshre�nement for real-timeapplica-
tions,a largeamongof work hasbeendoneto optimizeeval-
uationof varioussubdivision surfaceschemes(see[ZS00]
for a survey). But, despitethe popularity of subdivision
surfacesin high-endsoftwareenvironments,relatively few
work hasbeenpublishedabouthardwareassistedimplemen-
tation of subdivision schemes.Bishoff et al. [BKS00] have
proposedto usethe forward differenciationto computethe
limit positionof verticesfor theLoop scheme[Loo87]. Re-
cently, Bolz et Schroder[BS02] [BS03] have proposedan
hardwareevaluationof the Loop scheme,including the ad-
ditional "shapefactor" rules introducedby Biermannet al.
[BLZ00]. Themainproblemwith subdivisionschemessuch
as Loop or Catmull-Clark, is that the re�nement process
by subdivision schemesis heavily basedon dynamicadja-
cency information.Suchinformationcanbeeasilyprovided
in softwareimplementationby usingclevermulti-linkeddy-
namic data structures,but is extremely dif�cult to trans-
late into hardware-friendlyterms.As an alternative to high
quality subdivision methods,Vlachoset al. have proposed
a fast meshre�nement methodcalled Curved PN Trian-
gles[VPBM01]. Thismethodis basedontheconstructionof
a triangularBezierpatches[Far01] for eachtriangle,driven
by its 3 verticesandassociatednormals.As shown by Chung
andKim [CK03], this re�nementschemeis well adaptedto
hardwareimplementation,but it requiressomespeci�c tes-
sellationunit (notethat sucha speci�c tessellationunit has
actuallybeenincludedin theATI Radeon8500hardwarein
2001). In contrastwith our pure vertex shadingapproach,
and for the caseof subdivision surfaces,fragmentshad-
ing techniqueshasbeenintensively usedto renderre�ned
meshes,usingfor instancegeometryimages[LHSW03] or
spiral-enumeratedfragmentmeshes[SJP05].

3. Mesh re�nement on GPUs

3.1. Overview

While GPU-friendlyprimitives,suchasdisplaylists or ver-
tex buffer objects,dramatically reducethe CPU memory
footprint andthe traf�c jam on thegraphicsbus(themodel
is loadedoncefor all on theGPUmemoryandis thencan-
celedfrom the CPU memory),it alsoinvolvessomestrong
limitations:

� Thewholemeshhasto �t into theGPUmemory(thismay
bedif�cult for verydetailedmeshes).

� Whenreal-timeconstraintsrequiresomeLOD rendering,
themeshhasto bestoredn times,for n differentlevelsof
detail.

� Whenthemeshincludesa dynamicbehavior thatcannot
beexpressedby vertex shaders,it hasto beupdatedfrom
theCPUateachframe.

Whenconsideringtheselimitations,it appearsquiteobvious
thata desirablesolutionwould beto useonly a coarsemesh
at theCPUlevel (sucha coarsemeshcanbeef�ciently up-
datedandtransmittedon a frameby framebasis,in thecase
of complex dynamicbehaviors) andto addsomeon-the-�y
meshre�nementprocessat theGPUlevel (which only gen-
eratestheappropriatelevel-of-detail,accordingto theview-
ing parameters).This sectionpresentsthe solution that we
proposefor thismeshre�nementprocess.

3.2. Re�nement Pattern

(a) Coarse Mesh
in CPUMemory

(b) RPin GPUMemory (c) Re�ned Mesh
onDisplay

Figure 2: Our re�nementmethodonly requiresonesingle
re�nementpatternRP stored at full resolutionas a vertex
buffer on theGPU memory. In our example, RP is a tessel-
lated triangle that is splittedinto 8 different triangle strips
(each strip hasa differentcolor)

The main ideaof our approachis to useonesingleRe�ne-
mentPattern(RP)for eachpolygonalshapethatexistsin the
mesh.In the remainderof the paper, we only considerthe
usualcaseof triangularmeshes(andthusthecaseof a trian-
gular re�nementpattern),but the approachis still valid for
otherpolygonalshapes.This re�nementpatternis transmit-
tedoncefor all, from theCPUto theGPU,asavertex buffer
containinga few strips(seeFigure2). Let AT be the setof
attributesof a coarsetriangleT. Typically AT containsthe
3 vertex position,3 vertex normals,3 vertex colors,and3
texturecoordinates.We proposeto renderthe re�ned mesh
with thefollowing algorithm:

render (MeshM)
for eachcoarsetriangleT of M do

placeAT asuniformvariablesfor thevertex shader;
draw RP;

Actually, embeddedwithin thedraw function,thereis aver-
tex shaderwhich transformsthe verticesof RP toward the
position,rotationandscaleof T (seeat theendof this sub-
sectionfor details).Onemajoradvantageof this algorithm,
is that theamountof datatransmittedon thegraphicbus is
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independentof the resolutionof the re�ned mesh.The task
of the CPU is thus reducedto the uploadingof the coarse
triangle attributes and eventually someadditional proper-
ties that characterizethe behavior of the re�ned mesh(for
instance,a randomvalue for a fractal noise).The uniform
variablesplacedonto the GPU stayconstantduring all the
drawing processof RP. Let now supposethat a functional
fAT : [0;1]2 ! R3 can be constructedover AT . To evalu-
ate fAT at eachvertex V of RP, we have to recover its
parametrizationf u;vg onto T. Since RP is only usedfor
the topologicalstoragepurpose,we proposeto encodethe
parametrizationat V asits positionvector:Vxyz := f w;u;vg
wherew = 1� u� v. Now, during the vertex shadingpass,
the GPU canclearly identify the parametrizationf u;vg for
eachvertex V of RP, andthusevaluateits functionalvalue
fAT (u;v). Of course,eachattributein thesetAT mayeventu-
ally beinterpolatedby a differentfunctional.Themostsim-
ple applicationof our principleis a tessellationof themesh,
combinedwith someheight�eld texture.Let usconsiderthe
positionattributesf P0;P1;P2g of thecurrentcoarsetriangle
drawn andtheparametrizationf 1� u� v;u;vg (encodedas
the position of inner vertices)of eachvertex V of RP. To
performasimpletessellation,we justhave to interpolatebe-
tweenf P0;P1;P2g to obtaintheoutputpositionVxyz of V:

Vxyz := wP0 + uP1 + vP2 = VxP0 + VyP1 + VzP2

Figure2 shows theprincipleof this scheme.Now, sincewe
have a regular parametrizationof RP, it is straightforward
to useit to interpolatebetweenthe texture coordinatesof
T. For instance,if a heightmapis storedon the GPU asa
texture,by queryinga heightvalueat eachinnervertex V, a
displacementmappinggeneratedat theresolutionof theRP
is straightforwardlyobtained.

3.3. Levels-Of-Detail on GPU

(a) CPU (b) GPU (c) Display

Figure3: DifferentLODsof a coarsemodelcanberendered
by simplyselectingtheappropriateRPvertex buffer on the
GPU. Here, thevertex shadersmoothesthemeshwhile pre-
servingthesharpcreasesspeci�edat coarselevel.

A basicLOD scheme(dependingon thedistanceof theob-
ject to thecurrentpointof view) canbegeneratedby storing
on the GPU a set of patternsRP0;RP1:::;RPn computedat

differentresolutionsandby selectingthedesiredresolution
at rendering-time(seeFigure3).

4. Examples

We have shown that the displacementmappingby height
�eld texture was straightforward to integrate with our
method. But a large variety of other local mesh en-
hancementscan be integrated in the vertex shader, and
consistentlyapplied on the re�ned coarsemeshes.This
sectionillustratessomeof theresultsthatwe have obtained
with ourgenericon-the-�y re�nementprocess.

(a) 1x1 (b) 16x16 (c) 256x256

Figure 4: Procedural displacementwith high frequencies.
Thesmoothnessof thefunctionappearsat a veryhightessel-
lation rate. Our approach limits theGPU memoryfootprint
to onlyonetesselatedtriangle, with anequivalentframerate
to thecompletetesselatedobjectstoredasa vertex buffer.

Procedural Displacement Mapping: The ShaderModel
3 [NVi] has introducedthe accessto the texture memory
from the vertex shadingstage.One direct consequenceof
this extensionis to allow GPUimplementationof displace-
ment mapping. Unfortunately, several strong limitations
occur with suchan implementation:First, texture look-up
with randomaccessis very expensive whenwriting vertex
or fragment shaders,which meansthat the performance
is dramaticallyreducedin that case.The only solution to
get reasonableperformanceis to achieve coherentcache-
friendly texture access,which is far from being always
possible.Second,aliasing artefacts are quite commonas
texturesarenot �ltered whenaccessedby thevertex shader.
Third, this approachis not suitablefor dynamiceffects,like
waveson theocean,for instance.

Following the work of Perlin, it is widely admitted that
many kinds of visual enrichments(especiallydynamicvi-
sualenrichments)canbe ef�ciently replacedby a continu-
ousproceduralfunction, ratherthanstoringandinterpolat-
ing adiscretetexture.This is of specialinterestfor displace-
mentmappingswhichoftenhave dynamicbehaviors. In our
framework, implementingproceduraldisplacementmapping
simply meansthattheuploadedattributesat eachcoarsetri-
angleshouldembedall themandatorydatafor theconstruc-
tion of the proceduraldisplacementmap on that triangle,
whichusuallymeansa few numberof �oating point values.

The nice propertyof this approachis that the re�nement
patterncan be adaptedto the level of re�nement needed

c
 TheEurographicsAssociation2005.



TamyBoubekeur& ChristopheSchlick / GenericMeshRe�nementonGPU

to get correct antialiasedeffects. Figure 4 shows that,
even with pathological examples that exhibit very high
frequencies,thedisplacementprocesscanbeadaptedto get
a nice aliasing free rendering.The displacementprocess
usedin Figure 4 simply consistsin an elevation of each
inner vertex P along its normal vector N accordingto a
sinusoidalfunction:asin( f jjPjj ), sotheonly additionaldata
to be transmittedto the GPU are the amplitudea and the
frequency f . The sameprinciple is obviously applicable
to more complex functions such as the ubiquitousPerlin
Noise.

(a) original (b) 16x16

Figure5: Our re�nementmethodadaptedto PN-Triangles.

Curved PN Triangles: The work of Vlachos et al. on
Curved PN-Triangles [VPBM01] has demonstratedthat
a purely local interpolating re�nement schemecan be
usedto obtain a fast meshsmoothing,providing a visual
smoothness, despite the lack of high order geometric
continuity of the underlyingpatches.The principle of the
Curved PN-Triangle is quite simple: for eachtriangleof a
mesh,acubicBeziersurfaceis constructedwith the3 points
Pk and their 3 associatednormal vectorsNk. With sucha
loosede�nition, it is not possibleto generatea continuous
surfaceacrossedgeboundariesof theinitial mesh.Soto get
aestheticresultsthat offer somekind of visual continuity,
Vlachoset al. have proposedto independentlygeneratea
smoothnormal �eld over the mesh,by using a linear or
a quadratic interpolation of normal vectors (the general
processof PN-Trianglesis brie�y recalledin AppendixA).

Practically, CurvedPN-Trianglesoffer a visualquality sim-
ilar to theModifed Butter�y subdivision scheme[DLG90],
but aremuchmoreGPUfriendly: they arelocal,requireonly
aconstantamountof data,andcanbedirectlyappliedonan
indexedfacesetrepresentation,withoutany additionaltopo-
logical structure.

Unfortunately, even if Curved PN-Triangles have been
integrated in the previous generationof ATI hardware
(8500 family [ATI]), they have never beenspeci�ed as a

standardfor all graphicscards.So, anothercontribution
of the presentpaperis to provide a genericsolutionto the
hardwareimplementationof theCurvedPN-Trianglesonall
programmableGPUs.With ourmethod,theCPUhasjust to
precomputethe 10 PN-Trianglecoef�cients (seeAppendix
A) associatedto eachcoarsetriangle, and transmit them
with the set of color attributes,before the renderingcall
of the re�nement patternRP. The evaluationof the Bezier
patchb(u;v) is then performedon the GPU by the vertex
shaderaccordingto thisbunchof uniformcoef�cients. Note
that thesecoef�cients are the only informationtransmitted
throughthe graphicsbus, whatever the level of re�nement
generatedby theRP; thesecoef�cients mayalsobeupdated
at a very low cost, in the caseof dynamicmodels.Figure
5 presentsan example of our hardware PN-Triangles
re�nementonacoarsemesh.

(a) original (b) 16x16

Figure6: Out re�nementmethodappliedto ST-Meshes.The
per-vertex tensionand sharpnessshapeparameters express
sharpcreasesthatarepropagatedto there�ned mesh.

Scalar Tagged mesh: With the machinery proposed
by Vlachosetal., it becomespossibleto proposeacomplete
surfacecontrol systemduring the re�nement. In particular,
a set of additionalper-vertex scalarattributescan help to
manageother local differential geometrybehaviors, such
as sharp edgesor cone-like vertices. We have recently
introduceda generalizationof PN-Triangles,calledScalar
Tagged Meshes(ST-Meshes,for short, also called Scalar
Tagged PN Triangles in [BRS05]), that allows the user
to manipulatedsome additional scalar shapeparameters,
classi�edin two families:

� vertexparameters: for instance,atensionparametercon-
trols thelocalcurvatureof there�ned surface,ateachver-
tex;

� edge parameters: for instance,a sharpnessparameter
controlstheamountof tangentplanediscontinuityateach
edge,andabiasparametercontrolstheorientationof this
discontinuity.

Theseshapeparametersarethensimplycombinedto modify
theBeziercoef�cients usedin thePN-Trianglemodeltogen-
eratethe re�ned geometryandthenormalvector�eld. The
readermay �nd the formulationsfor thesemodi�ed coef�-
cientsandnormalin AppendixB. Hereagain,thecoef�cient
aretransmittedasuniformvariablesto thevertex shader, and
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theremainderof theprocessis totally similar asabove.Fig-
ure 6 presentsan exampleof our hardwarere�nementpro-
cessappliedonanST-Mesh,wherethescalartagshavebeen
setto de�ne two sharpcreases.

5. Performance

We have analyzedthewholeperformanceof our system,by
comparingthe renderingframerateand the memory foot-
print (numberof storedtriangles)of agivenmeshstoredata
givenresolution,eitherby usingastaticvertex buffer object
(VBO) storingthewholemeshastrianglestrips,or by using
our genericre�nementtechniquewherejust onetessellated
re�nementpatternis actuallystored.Ourcon�gurationis an
Intel P4at3.0GHz,1GBRAM, with aNVIDIA QuadroFX
4400(PCIe).All the testshave beenperformedunderMS
Windows usingOpenGLShadingLanguage[KBR04]. The
resultsaresummarizedin Figure7.

CoarseTriangles 10 100 1000
Static VBO
64x64- FPS 973:10 107:46 11:94

64x64- Vertices 42250 422500 4225000
128x128- FPS 271:85 29:87 3:97

128x128- Vertices 166410 1664100 16641000
Our approach
64x64- FPS 965:12 107:11 11:72

64x64- Vertices 4225 4225 4225
128x128- FPS 269:35 29:05 3:81

128x128- Vertices 16641 16641 16641

Figure 7: RenderingframerateandGPU footprint (in num-
ber of vertices)for therenderingof sometesselatedmodels
(withoutculling).

The main result of our on-the-�y re�nement techniqueis
clearly visible: the framerateobtainedis equivalent to the
one obtainedby storing the full re�nement mesh,but the
footprint is dramaticallyreduces,asexpected.Globally, our
approachdivides the GPU footprint by about the number
of input coarsetriangles.Note that we have just given the
numberof vertices,but the GPU memoryalsohandlesthe
topology. After a strippi�cation step,thestaticvertex buffer
topologyrepresentsabout50%of additionaldatato manage
in GPUmemory, while thetopologycostis totally negligible
with our approach.In termsof framerate,the slight perfor-
mancedropof our systemis essentiallydueto thebarycen-
tric interpolationbetweenthe3 originalvertices,wheneval-
uating the positionandnormalat eachinner vertex of the
RP. Actually, a simpletessellationis never usedin practice
andis usuallycombinedwith moreadvancedsurfacere�ne-
ment procedures,like the onespresentedin Section4. In
that case,the computationof the proceduralfunction usu-
ally representsthemostexpensive partof thevertex shader,
andtheframeratesobtainedwith staticvertex-buffer objects
andwith our approacharetotally equivalent.For instance,

theST-MeshpresentedonFigure6 is madeof 162triangles.
We obtainthesameframerateof 61 fps whenit is re�ned to
331 938 triangleseitherstatically(with a full vertex buffer
object) or dynamically(with a RP at 64x64,which corre-
spondsto a recursive subdivision at level 6, a quite usual
re�nementratefor CGmodels).

Limitations: The simple LOD schemedescribedin Sec-
tion 3.3 is not adaptative, and producespopping effects
[Hop96]. Oneof our currentworks is to try to resolve this
constraintlocally, at theRPlevel.

6. Conclusion

We have proposedan easy-to-implementmethodto obtain
a virtual meshgenerationon theGPU.Thecontributionsof
ourapproachare:

� A very simplemethodto obtaina low costtessellationof
meshes.

� A genericandeconomichardwareimplementationof the
CurvedPN-TriangleonstandardprogrammableGPU.

� A virtual `on-the-�y GPUtesselatorunit, for thecostof a
linearinterpolationbetween3 verticesby re�ned vertex.

� The possibility to render re�ned and enrichedmeshes
without neither storing nor transmitting through the
graphicsbus, the high resolutionready-to-rendermesh,
that would virtually not �t in GPU memory for a very
deepre�nement.

Ourmethodalwaysinvolvesaconstantamountof datatrans-
missionto theGPU,independentlyof the target resolution.
This approachis clearly interestingin the caseof dynamic
objects,for completelylocal re�nementschemeandfor pro-
ceduralsurfacesgeneratedon simpleshapes.Our approach
is particularyfruitfully for very deepre�nementandwhen
thebottleneckof anapplicationusingintensively tesselation
is identi�ed on theCPU-GPUbus(AGPor PCI expressfor
instance).

Oneof ourmainfuturework will beto proposeabetterLOD
scheme,adaptive andgeomorphic.We investigatealso the
renderingof truesubdivisionsurfacesandhighqualitypara-
metric surfaces,by reducingto a �x e size the per-triangle
informationrequired.
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Appendix A: CurvedPNTriangles

Theprincipleof PN-Trianglesis to replaceeachtriangleof theinitial
meshby anenricheddescriptionthatcombinesadisplacement�eld
anda normal �eld. The displacement�eld is usedto improve the
geometry, andis de�nedasacubictriangularBezierpatch.Thenor-
mal�eld isusedto improvetheshading,andisde�nedasaquadratic
triangularBezierpatch.

Displacement Field: For a triangle de�ned by 3 verticesVi =
(Pi ;Ni ), with Pi beingthepositionandNi beingthenormal,thedis-
placement�eld b(u;v) of aPN-Triangleis de�ned asfollows:

b(u;v) = å
i+ j+ k= 3

bi jkuiv j wk (1)

wherew = 1� u� v andu;v;w � 0. Notethat(u;v;w) arethethree
barycentriccoordinatesrelative to thevertices.

By de�ning si j = (Pj � Pi ):Ni where: representsthescalarproduct,
thecontrolpointsbi jk of theBezierpatcharegivenby:

� b300 = P1, b030 = P2, b003 = P3,
� b210 = (2P1 + P2 � s12N1)=3, b120 = (2P2 + P1 � s21N2)=3,
� b021 = (2P2 + P3 � s23N2)=3, b012 = (2P3 + P2 � s32N3)=3,

� b102 = (2P3 + P1 � s31N3)=3, b210 = (2P1 + P3 � s13N1)=3,
� b111 = 1

4 (b210 + b120 + b021 + b012 + b102 + b201) � 1
6 (b300 +

b030+ b003):

So, for eachpoint on the initial triangle,de�ned by its barycentric
coordinates(u;v;w), onesimply hasto computethe displacement
vectorb(u;v) to getits positionon the�nal re�ned surface.

Normal Field: Similarly, thenormal�eld n(u;v) of a PN-Triangle
is de�ned asfollows:

n(u;v) = å
i+ j+ k= 2

ni jkuiv j wk (2)

where (u;v;w) are the barycentriccoordinatesas previously. By

de�ning ti j = 4
(Pj � Pi ):(Ni + Nj )
(Pj � Pi ):(Pj � Pi )

, the control pointsni jk of the Bezier

patcharegiven by: n200 = N1, n020 = N2, n002 = N3, n110 = N1 +
N2 � t12(P2 � P1), n011 = N2 + N3 � t23(P3 � P2), n101 = N3 + N1 �
t31(P1 � P3). Note that in the original paperon PN-triangles,there
was a confusionbetweenthe control points n110, n011 and n101,
and the correspondingnormal vector computedby n(1=2;1=2;0),
n(0;1=2;1=2) andn(1=2;0;1=2). Theformulationgivenhereis the
correctone.Rememberto normalizethevectorto unit lengthto get
the�nal normalvector:Nuv = n(u;v)=kn(u;v)k

Appendix B: ScalarTaggedMesh

Scalar Tagged Meshhave beendesignedto model local surfaces
featuressuchas sharpcreaseswith a set of per-vertex shapepa-
rametersplacedon a coarsemesh.The meshcan then be re�ned
with a modi�cation of theoriginal CurvedPN-Trianglemodelthat
handlestheseadditionalshapeparameters.Eachvertex Vi of a ST-
Meshis de�ned by a positionPi , a normalNi , a deviation vectorDi

thatindicatesthedirectionof thecreasepassingthroughVi (null for
smoothareas)and3 scalartagsthat expressthe shapeparameters:
qi for the tension,s i for the sharpnessat Vi if Di non null, andbi

for thebiasof this hypotheticsharpcrease.All theseintuitive tags
caneasilybesetinteractively. Whenanon-nullvectorDi is set,this
meansthatVi has2 normals,onefor eachsideof thesharpcrease.
In this case,we considerthe normal “sharp” N0

i usedfor a given
triangleadjacentto Vi accordingto the sidewherethis triangleis.
This sharpnormalis soeitherN0+

i = (Ni + s iDi )=k(Ni + s iDi )k or
N0�

i = (Ni � s iDi )=k(Ni � s iDi )k. Thisnormalis usedfor theshad-
ing stage(proceduralnormalmap)describedin AppendixA.

Now, to expresstheselocalshapeparametersfor there�nement,we
incorporatetheir scalartagsto theBeziercoef�cients of Appendix
A. So,wesimplyassociateeachtangentcoef�cient (b210, b201, b120,
b102, b012, b021) to its nearestvertex. Let considerthetangentcoef-
�cient bi associatedto thevertex Vj , on theedgef Vj ;Vkg. We con-
structthecoef�cient in thefollowing way:

bi = di + ei

di = Pj +
(1� q j )

3 (Pk � Pj )
ei = (1� di )P(Pj ;Xj ;di )Xj + diP(Pj ;Nj ;di )Yj

where P(p;n;q) = � n:(q� p)

Xj =
(1� s j )Nj + N0

j
k(1� s j )Nj + N0

j k

Yj =
Nj + b j Dj

kNj + b j Dj k

(3)

Note that somerestrictionsareappliedon the scalartagsto avoid
ambiguouscases:at most1 creasemaypassthrougha givenvertex
andat most2 verticeswith non-null vectorD maybede�ned for a
giventriangle.
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