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ABSTRACT
This paperpresentsa fast algorithm for smoothdigital elevation
modelinterpolationandapproximationfromscatteredelevationdata.
Theglobalsurfaceis reconstructedby subdividing it into overlap-
ping local subdomainsusinga perfectlybalancedbinary tree. In
eachtreeleaf, a smoothlocal surfaceis reconstructedusingradial
basisfunctions.Finally ahierarchicalblendingis doneto createthe
�nal C1-continuoussurfaceusinga family of functionscalledPar-
tition of Unity. We presenttwo terraindatasetsandshow thatour
methodis robustsincethenumberof datapointsin thePartitionof
Unity blendingareasis explicitly speci�ed.

Categoriesand SubjectDescriptors
G.1.2[Numerical Analysis]: Approximationof SurfacesandCon-
tours

GeneralTerms
Algorithms

Keywords
DEM, contours,interpolation,approximation,scattereddata,GIS,
grid, computationalgeometry

1. INTRODUCTION
This paperdealswith the creationof Digital Elevation Models

(DEM) from elevationsamplesmoreparticularlyfor processingin
GeographicalInformationSystems(GIS) applications.Originally,
mathematicianresearchersbasedtheir work on signalreconstruc-
tion from irregularsamplingmodels.More andmorepoint based
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modelsaremanipulatedfor variousapplications(GIS,virtual real-
ity, videogames,etc.).A massive emergenceof pointbasedacqui-
sition peripherals:3D scanners,satellites,radar, etc createsthese
models.

DEMscanbeseenasregulargridsof elevation.They areusedin
many applicationssuchasenvironment,territorydevelopment,vir-
tual reality andvideogames,geology, hydrography, civil andmil-
itary engineering,etc. Sourcesfor recentelevation modelscome
from variablesourcessuchas dual satellite imagesor Synthetic
ApertureRadar(SAR). Sourcesfor DEM are, for example, the
United StatesGeologicalSurvey (USGS)in the United Statesor
the Institut GéographiqueNational(IGN) in France.Whenwork-
ing on older documents,DEM canbe createdusingcontourlines
– isolines– extractedfrom scannedtopographicmaps[1,25,26] or
provided by operatorssuchasUSGSin the form of Digital Line
Graphs(DLG). Theproblemwith DEM reconstructionis to �nd a
speci�c interpolationmodelwhich canproducea continuoussur-
facein a reasonablecomputationaltime for a greatnumberof ele-
vationsamples.Moreover, theresultingsmoothDEM shouldbeas
closeaspossibleto thereal terrainevenif, of course,it is not pos-
sible to reproducetheearthcomplexity only from sparseelevation
data.

In this paper, we proposeto usea RadialBasisFunction(RBF)
schemeto interpolateelevationsamples.Thesesparsesamplescan
be extractedby subsamplingcontourlines. According to Franke
[9], RBF areknown to beoneof thesharpestandstablestmethods
to solve scattereddataapproximationandinterpolationproblems.
Weproposeto enhancethismodelby anadaptedPartitionof Unity
– PoU– approachwhich permitsto preventa combinatorialexplo-
sionto solve theRBF equationsystem.

Thepaperis organizedasfollows. In section2, relatedworksde-
velopedaboutthecontourlinesandscattereddatainterpolationdo-
mainbeforefocusingon previousworksaboutRBF aredescribed.
Then,in section3 we presentthe RBF principle enhancedby our
hierarchicalPoUalgorithmfor limiting computingcosts.

Finally, an applicationto this DEM interpolationfrom terrain
data– irregularlysampledor known oncontourlines– is presented
in section4. Resultsin termof timeconsumptionandvisualaspects
appliedto 3D-terrainreconstructionareshown. Thecomparisonis
madeby varyingthenumberof known elevationpointsandintrin-
sic parametersof ouralgorithm.



2. RELATED WORKS
Many approacheshave beenproposedfor terrain interpolation

basedon two incomingdatatypes:scatteredelevation samplesof
terrain, and contour lines which can also be seenas a subsetof
the �rst one. In this sectionwe �rst quickly review themostused
contourlinesinterpolationtechniques.Then,wefocusonprevious
worksrelatedto thescattereddatainterpolationproblem.

2.1 Contour lines interpolation
Many researchworks have beendoneon the speci�c contour

line interpolationquestion. Oneof the �rst methodsis basedon
the inversedistanceweightedaveraging[22,23] but it generates
a lot of artifactsand the resultingmodel is not guaranteedto be
C1-continuous. A commonlyusedfamily of methodsstudiedin
[5,7,11,12] usesPartialDifferentialEquations(PDE)modelssuch
as the Laplacianor the so-calledthin-plate model solved using
iterative methods. The bestknown thin-plate implementationis
computedby TOPOGRID[16] provided by the commercialsoft-
wareArcInfo andperformsa �rst passto computeridge linesand
streamsin orderto createmorerealisticDEMs. However, themajor
drawbacksof thesemethodsarethecomputingtimeandtheterrac-
ing andringingartifactsthey generate.Anotheralgorithmbasedon
a front propagationof euclidianor geodesicdistancesis presented
by Soille in [24]. This is a fastmethodbut thecreatedDEMs are
notsmoothoncontourlinesandpeaksandpitsarenot interpolated
and remain�at areas. More recently, Gousieet al. [13] propose
to iteratively computeintermediatecontoursbetweeneachcontour
line pairs. Peaksandpits areconsideredseparatelyby computing
a Hermitespline that follows the slopetrend. The �nal DEM is
obtainedafteroneor moresmoothingpasses,but accordingto the
authors,someartifactsremainandthesurfacehasa tendency to be
strati�ed.

2.2 Scattered data interpolation
The subjectof scattereddatainterpolationis a very extensive

one. Excellentoverviews canbefoundin [10,19,21]. In this sec-
tion, we presentthemostpopulartechniquesinsistingon methods
involving RBF.

Theearliesttechniquein thisresearch�eld is known astheShep-
ard method[22]. The C0-continuousinterpolantis basedon in-
versedistanceweightingaverageof data.This is a globalmethod
whereall dataareusedfor theevaluationof eachunknown point.
Sibson[23] introduceda variantof this methodby modifying the
weightedfunctionto take into accountonly pointspresentin adisc
of a �x edradiuscenteredon theevaluatedpoint.

Another popularmethodconstructsan interpolantas a piece-
wise unionof patches(usuallylow degreemultivariatepolynomi-
als) joinedtogetherwith a certaincontinuity. Bartles[2] usedthis
approachwith spline and Bezier patches.Thesepatchesare ex-
tensively usedin the areaof the geometricdesignandgive a user
freedomto model and changethe shapeof the object. Haberet
al. [14] proposeaC1-continuoussurfacegeneratedfrom triangular
Bezierpatches.

A more recentmethodproposedby Lee et al. [18] usesmul-
tilevel B-splines. Thesesplinesare introducedto computea C2-
continuoussurfacethrougha setof irregularly spacedpointsusing
acoarse-to-�nehierarchyof controllattices.Accordingto Bertram
et al. [4], a drawbackof this methodis that the global re�nement
of lattices is inef�cient when accuratelyreproducingsmall local
features.In [4], authorsalsousesB-splinesin a hierarchicalway.
They combineadaptive clustering,basedon quadtreeswith piece-
wise polynomial leastsquareapproximations.Thesepolynomials
arecombinedto aB-splinesurfacewith multipleknotsatthecluster

boundaries.Finally, a knot removal algorithmis usedto combine
the�tted patchesinto a globalandsmoothsurface.

Anotherapproach,that Franke [9] identi�ed as the mostaccu-
rateandstableoneto scattereddatainterpolation,is to de�ne the
interpolationfunctionasalinearcombinationof radiallysymmetric
basisfunctions,eachcenteredon a datapoint. Theunknown coef-
�cients aredeterminedby solvinga linearsystemof sizen. Unfor-
tunately, sincethis methodhasa globalsupport,the linearsystem
is madeof a matrix a symmetricandfull matrix. Thatmeansthat
a directsolutionof thesystemis in O

�

n3 � which is not acceptable
for largedatasetswith thousandsof points.

To overcomethis problem,Wendland[28] usescompactlysup-
portedRBFsandthelinearsystembecomessparse.Thisalgorithm
hasbeenfurther improved by Kojekine et al. [17] by organizing
thesparsematrix into a band-diagonalsparsematrix which canbe
solvedmoreef�ciently by usingiterative methods.Unfortunately,
the radiusof supporthasto bechosenglobally, which meansthat
the methodis not robust againsthighly non-uniformlydistributed
point setswherethedensityof thesamplesmayvary signi�cantly.
Anotherapproachhasbeenproposedby Carret al. [6]. It is based
on thefastevaluationof RBF proposedby Beatsonet al. [3] using
fastmultipolemethods.Unfortunately, the far �eld expansionhas
to bedoneseparatelyfor every basisfunction,andis verycomplex
to implement.

In atheoreticalpaper, Wendland[29] proposedanotherimprove-
mentsof radialbasisfunctionsreconstructionmethodbasedon the
PoU and spatialdecompositioninto regular cells. This idea has
beenrecentlyappliedfor implicit surfacereconstructionby Ohtake
et al. [20] andToboret al. [27].

In this paper, we proposeanef�cient modelbasedon this previ-
ousapproachwhich combinesRBF anda hierarchicalPoUrecon-
struction.

3. METHOD DESCRIPTION
Our algorithmfor an ef�cient reconstructionof terrainis based

on thewell-known RBF interpolationandPoUintegrationin order
to composesmall local solutionsinto a global one. An improve-
mentof PoU(calledhierarchical)optimizingthereconstructionand
theevaluationtime is alsoproposedhere.

Therearetwo stagesin the reconstructionscheme:reconstruc-
tion of thefunction f anditsevaluationatapointp. ThePoU-based
reconstructionbeing quasi-independentfrom geometrypartition-
ing, we proposea new partitionschemethatminimizesthetime of
eachof thetwo stages.First it seemsclearthattheminimal recon-
structiontime is reachedif all the local subdomainshave anequal
numberof points.Second,the f

�

p � evaluationtimeis shorterif the
partitioningschemeallows a fast searchof the domainscontain-
ing p. Our reconstructionandevaluationschemeoptimizesthese
two processingtimes. This schemealsoallows morecontrolover
robustnessandstability of thenumericalsolution.

We begin with a presentationof the theoreticalbackgroundof
our method,then,our new hierarchicalapproachof reconstruction
andevaluationschemeis detailed.Finally ashortcomplexity anal-
ysisis done.

3.1 Theoretical background

3.1.1 RBFreconstruction
Giventhesetof N pairwisesdistinctpoints ����� p1 �	�
�
���

pN �

of
dimension2: pk �
� px

k �

py
k �����

2 , andthesetof values� h1 �	�	�	�

hN �

,
we wantto �nd a function f :

�

2 �

�

satisfyingtheconstraints

f
�

pi
�

� hi i � 1
�	�	�

N
�

(1)



As suchaproblemhaving anin�nite numberof solutions,thevari-
ationaltechniqueswith RBFgiveasolutionthatminimizesan“en-
ergy” or “smoothness”of the reconstructedfunction. Duchon[8]
hasshowedthatthesimplestsmoothingfunctionis a linearcombi-
nationof rotation-invariantbasisfunctions

f
�

p �

�

N

å
i � 1

wi f
�����

p
�

pi
���

��� p
�

p �

�

(2)

Wedenotehere
���

pi �

p j
���

theEuclideandistance,wi thelinearcom-
binationweights(to becomputed),f :

�

�

�

a conditionallypos-
itive de�nite basisfunction, andp a polynomialof degreem de-
pendingon thechoiceof f .

For areconstructionof topographicelevationdatathebestchoice
proposedby Hardy[15] is themultiquadricfunction:

f
�

r �

��� r2 � a 2 (3)

wherea controlssmoothnessagainst�delity to thedata.Theasso-
ciatedpolynomialp of degree1 is de�ned by:

p
�

p �

� c0
� c1px

� c2py (4)

As we have anunder-determinedsystemwith N � 3 unknowns(wi
and c0 �

c1 �

c2) and only N equations,so-callednaturaladditional
constraintsfor thecoef�cients wi areaddedin orderto ensureor-
thogonality, sothat

å wi � å wipx
i � å wip

y
i � 0 (5)

The equations(1), (2), and (5) determinethe following linear
system:

Ax � b (6)

A �
	

F P
PT 0 �

(7)

F �
� f
�����

pi �

pj
���

���

i � 1 � � � N
j � 1 � � � N

P �
� 1 px

i py
i

�

i � 1 � � � N

x ��� w1 �

w2 �	� �	�	�

wN �

c0 �

c1 �

c2 �

T (8)

b ��� h1 �

h2 �	�	�	�	�

hN �

0
�

0
�

0
�

T (9)

The solution vector x is composedof the weightswi and the
polynomialcoef�cients ci for equation(2) andrepresentsasolution
of theinterpolationproblemgivenby (1).

3.1.2 Partition of unity principle
Themainideaof thePoUmethodis to divide theglobaldomain

of interestinto smalleroverlappingsubdomainswheretheproblem
canbesolved locally. More precisely, thedif�cult globalproblem
is decomposedinto several smallerlocal problemsandtheir local
solutionsarecombinedtogetherby usingweightingfunctionsthat
actassmoothblendingfunctionsto obtaintheglobalsolution.

Notice that our new hierarchicalapproachrequiresthe decom-
positioninto two subdomainsper hierarchicalstep. We introduce
hereonly thesimplestcase;theextensiononmoresubdomainsbe-
ing straightforwardandoutof thescopeof this paper.

ConsidertheglobaldomainWanddivide it into two overlapping
subdomainsW1 andW2 with W � W1 �

W2 andW1 �

W2 �

� /0. On
this setof subdomains� W1 �

W2 �

, we constructa partitionof unity,
i.e. a collection of non-negative functions � l 1 �

l 2 �

with limited
supportsupp

�

l i
��� Wi andwith l 1

� l 2 � 1 in theentiredomain
W.

For eachWi , aset � i � � p
�

�

�

p
�

Wi �

is de�ned, thena local
reconstructionfunction fi is computed.Theglobal reconstruction

function fpou is thende�nedasacombinationof thelocalfunctions

fpou
�

p �

� f1
�

p � l 1
�

p ��� f2
�

p � l 2
�

p � (10)

Theconditionl 1
� l 2 � 1 is obtainedfrom any othersetof smooth

functionsL 1, L 2 by a normalizationprocedure

l i
�

p �

�

L i
�

p �

L 1
�

p ��� L 2
�

p �

with i � 1
�

2 (11)

TheweightingfunctionsL i have to becontinuousat theboundary
of thesubdomainsWi . We de�ne theweightingfunctionsL i asthe
compositionof adistancefunctionDi :

�

n �

� 0
�

1
�

, whereDi
�

p �

�

1 at theboundaryof Wi anda decayfunctionV : � 0
�

1
�

�

� 0
�

1
�

, i.e.
L i

�

p �

� V � Di
�

p � .
For a2D axis-alignedboxde�ned from thetwo oppositecorners

SandT we usethefollowing distancefunctionDi

Di
�

p �

� 1 � Õ
r � x � y

4
�

pr � Sr
�

�

Tr � pr
�

�

Tr � Sr
� 2 �

(12)

The choiceof the decayfunctionV determinesthe continuitybe-
tweenthe local solutions fi in the global reconstructionfunction
fpou. We suggestto useoneof the following decayfunctionsthat
were chosenby including somesimpleconstraintssimilar to the
constructionof basesplinefunctions(V

�

0�

� 1,V
�

1�

� 0,V �

�

0�

�

V �

�

1�

� 0, etc.):

continuity �

0 : V0 �

d �

� 1 � d

continuity �

1 : V1 �

d �

� 2d3
� 3d2

� 1

The plots of the distancefunction D andthe weighting functions
areshown in Figure1.
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Figure1: Inter pretation of the distancefunction D and weight-
ing functions L .

3.2 Our hierarchical approach
Our reconstructionalgorithm is composedof two steps. First,

theglobaldomainof interestis subdividedrecursively into overlap-
ping local subdomainscontaininga quasi-equalnumberof points
using a tree structurebasedmainly on the k-d principle (section
3.2.1).Theseoverlappingregionsareusedinto thePoUbasedpro-
cessof local solution blending. Second,the local reconstruction
functionsin theleafnodesis computedusingvariationaltechniques
with RBF.

The evaluationof the global reconstructionfunction by a PoU
blendingof the local reconstructionfunctionsis donein recursive
mannerand propagatedbottom-upfrom the leaf nodes(section
3.2.2).Thevery lastblendingis madeinto rootnodethatdescribes
theglobalreconstructionfunction.



3.2.1 Binary domaindecomposition
Startingfrom theunorganizedpointset � andtheentiredomain

of interestW0 (generallyde�nedby boundingboxof � ), thebinary
treedomaindecompositionmethodadaptively subdividesW0 using
a kd-tree-like structure. The treeis built in a top-down recursive
processstartingfrom theroot node,wheretheentiredomainW0 is
subdividedinto two overlappingsubdomainsW1

1 andW1
2 containing

an near-equalnumberof pointsn1
1 andn1

2 in the respective point
sets �

1
1 and �

1
2 . All subdomainsWl

k at level l are themselves
subdividedrecursively into two overlappingsubdomainsWl � 1

k � 1 and

Wl � 1
k � 2 containinganearequalnumberof pointsnl � 1

k � 1 andnl � 1
k � 2 in the

respectivepointsets�

l � 1
k � 1 and �

l � 1
k � 2 . Therecursionis terminated,

whenthenumberof pointsin a subdomainfalls below a threshold
Tleaf .

Let usnow give someinsighthow to subdivide a domainWl
k.

First, theminimumnumberof pointsnl
o � Card

�

�

l � 1
k � 1 �

�

l � 1
k � 2

�

in theoverlappingzoneWl � 1
k � 1 �

Wl � 1
k � 2 hasto bespeci�ed explicitly

asanoverlapquotaq
�

�

0
�

1 � of thenumberof pointsnl
k:

nl
o � k � qnl

k (13)

Then,theminimumnumberof pointsnl � 1
k in thesubdomainscan

becalculatedasfollows:

nl � 1
k �

�

nl
o � k

� nl
k

2 �

(14)

The extent of the two overlappingsubdomainsWl � 1
k � 1 andWl � 1

k � 2
is computedusinga k-d treeprinciple. First, the longestaxis of
Wl

k is determined.Second,we collectthepoint sets�

l � 1
k � 1 (respec-

tively �

l � 1
k � 2 ) containingthe nl � 1

k points with the lowest (respec-
tively highest)valueswith respectto the longestaxis. In prac-
tice, we rearrangethe points �

l
k with respectto their valuesof

thelongestaxisandwetake �rst (respectively last)nl � 1
k points:by

settingi1 � nl � 1
k andi2 � nl

k � nl � 1
k

� 1, werearrangethepointsso
thatpi �

pi1 for 1 � pi � pi1 andpi �

pi2 for pi2 � pi � pnl :

�

l
k � �

l � 1
k 	 1


 �
� �

p1 �	�	�	�	�

pi2 �

1 �

pi2 � �	�	�	�

pi1 �

pi1 � 1 � �	�	�	�

pnl
� ��
 �

�

l � 1
k 	 2

(15)

Finally, Wl � 1
k � 1 andWl � 1

k � 2 arede�ned by theboundingboxesof �

l � 1
k � 1

and �

l � 1
k � 2 andthepoints �

l � 1
k � 1 , �

l � 1
k � 2 asthesubsetsof �

l � 1
k that

is containedin Wl � 1
k � 1 , Wl � 1

k � 2

Notethatthe �

l �

�

l � 1 � Wl � 1 �

�

l � 1 stepis necessaryif
theinitial pointset � is asubsetof aregulargridandthenthepi2 �

1
and pi2 from (15) can have the samecoordinateon the partition
axis.

Considertheresultingrecursivealgorithmfor thebinarytreedo-
main decompositionshown in Algorithm 1 that hasto be called
using ������������������� �! W" . Finally, Figure2 illustratesthe �rst
levels of the resultingbinary treewith thecorrespondingoverlap-
ping subdomains.

3.2.2 Evaluation
For the evaluationof the global reconstructionfunction f at a

point p, the local reconstructionsare blendedtogetherby recur-
sively applyingthePoUmethodbottom-upin thebinarytreecom-
putedin the �rst reconstructionstep(section3.2.1). Startingfrom

Algorithm 1 Decompose(� , W)
Require: points � , domainW
Ensure: binarytree

setn � Card
�

�

�

if n
�

Tleaf then
setno � qn
rearrangethepointsin � accordingto thelongestaxisof W
determinethepoints � 1, � 2
determinethesubdomainsW1, W2
determinethepoints � 1, � 2
Decompose(� 1, W1)
Decompose(� 2, W2)

else
CalculatelocalRBF reconstructionfor �

end if
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Figure 2: First stepsof the binary tr eedomain decomposition
into overlapping subdomains.

theroot node,at every internnodeof thebinarytreelevel l there-
constructionfunction f l is givenby thePoUblendingof thelocal
reconstructionfunctionsof thetwo child nodesf l � 1

1 and f l � 1
2 :

f l �

p �

�

f l � 1
1

�

p � L l � 1
1

�

p ��� f l � 1
2

�

p � L l � 1
2

�

p �

L l � 1
1

�

p ��� L l � 1
2

�

p �

(16)

Thefull recursivealgorithm2 illustratestheevaluationatapoint
p by applyingtherecursivePoUblendingandit hasto becalledby

[�\�]�^`_�]�a

�b� p  dc�" .

Algorithm 2 Evaluate(p, l )
Require: point p, level l
Ensure: f

�

p �

if p not in Wl then
return0

end if
if l is theleaf level then

return frbf
�

p �

else
f1 = Evaluate(p, l � 1) at theleft child
f2 = Evaluate(p, l � 1) at theright child
computeL 1, L 2 from children
return f �

�

f1L 1
� f2L 2

�fe

�

L 1
� L 2

�

end if

3.3 Complexity analysis
The solutionof the linear system(6) of sizeN requiresO

�

N3
�

�oating point operationsandO
�

N2 � core-memorycells. For one
single evaluationthe global RBF approachrequiresO

�

N � opera-
tions. Thus it is clear that direct methodsare not suitablefor a
numberof constraintsgreaterthanseveralthousands.

In our reconstructionschemethebinarytreeheightis aboutH �

log
�

N e Tleaf
� , the numberof leaf nodesis aboutL � N e Tleaf and



eachleaf containsat mostTleaf constraints.Thereconstructionis
composedof a subdivision stagewhich performsO

�

NlogN � �oat-
ingpointoperations,andaRBFreconstructionstagein O

�

LT3
leaf

�

�

O
�

L �

� O
�

N � operations.
Theevaluationof f

�

p � canbedonein boundedtime dueto the
limited numberof subdomainsincludingp wheretheevaluationof
thelocalRBF functionis donein a constanttime.

4. RESULTS AND DISCUSSION
To illustrateour methodwe presenttwo examples.The�rst one

usesa downsampledfull DEM model,thesecondinvolvesa setof
contourlines. In thefollowing tables,wedenote#leafsthenumber
of treeleafs,ttree thebinary treecreationtime in seconds,trec the
local reconstructiontime in seconds(RBFreconstructioninto each
leaf), teval the evaluationtime of theglobal interpolationfunction
for all gridnodes,andttotal theglobalinterpolationtimein seconds.
For all ourtests,we�x edempiricallytheoverlappingquotato 20%.
It is clearthat if this quotais too small,someartefactscanappear
in overlappedareaswhich not matchtheneighborhooddata;if the
quotais toohigh, thegeneratedterrainbecomestoosmooth.

Notethatall resultspresentedin thissectionhavebeencomputed
onaPCwith anIntelPentiumIV 4GHzprocessorandwith a1.5GB
memory.

4.1 Mount Washington
As a �rst experimentwe usedanUSGSDEM of Mount Wash-

ington 1. It consistsin a 932� 1384grid (=1,289,888total points,
seeFig. 4(a)and4(b)). Theelevationsvary from 170to 1913me-
ters.

Theoriginal modelhasbeenrandomlydownsampledto 43,419
points,that is 3.3%of theoriginal (seeFig.4(c)). Remainingdata
pointshave beenusedto interpolatethe terrainon the initial grid.
Finally, thereconstructedDEM is comparedwith theoriginal one
usingtheRootMeanSquareError – RMSE.Numericalresultsus-
ing a smoothingfactora � 2 (notethat a doesnot in�uence the
computingtime) for our implementationareenumeratedin table1.

Table 1: Numerical results for Mount Washington DEM,
43,419data points (on 1,289,888total points) with a � 2

Tleaf #leafs ttree trec teval ttotal RMSE
1600 128 22 854 188 1066 5.04
800 256 20 374 157 531 5.05
600 512 16 170 100 287 5.05
200 2048 15 32 59 108 5.06
100 4096 18 16 46 81 5.09

We can seethat for very different Tleaf values,RMSE values
stayvery closed.This is dueto the fact thatdatapointsarequasi-
regularly dispersedon the grid andin this casethe result is inde-
pendentof theTleaf choice.

Figure3 con�rms the theoreticaltime complexity of our algo-
rithm. First,theoriginalmodelwasdownsampledtoseveralsmaller
point sets(i.e. from 1% to 20% of the original size). For each
downsampleddatasetthereconstructionfunction(with Tleaf � 100
and a � 2) is computedand the DEM of original model size is
evaluated. Finally, the RMS error is computedagainstthe full
dataset.NotealsothatRMSEdecreaseswhile thenumberof point
increases.

1Available on the websiteof the Departmentof GeologicalSci-
encesat theUniversityof Washingtonin Seattle:
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Figure 3: Plots of time consuming analysisand RMSE. RBF
reconstructionis linear and the global evaluation

Fig.4(d)showsa3D view of theinterpolatedterrainwith param-
etersa � 5 andTleaf � 800. We canseethat mostof the terrain
featureshave beenpreservedevenif theterrainis quitesmooth.

4.2 Mount St. Helens
For this experiment,we useda set of contour lines represent-

ing theMountSaintHelensvolcano,in WashingtonState,afterthe
eruptionof May 18,1980.

Weusethefull contourdatawhichconsistsof 21contours(21,442
datapoints)drawn on a 449� 497grid (=223,153total points,see
Fig.5(a)).Contourline relative elevationsvary from 20 to 740me-
ters.Table2 shows numericalresultsfor this dataset.

Table2: Numerical resultsfor Mount St Helens'scontour lines:
21,442data points (grid is 223,153total points)

Tleaf #leafs ttree trec teval ttotal

1200 32 4 89 13 107
800 64 2 41 10 53
400 128 3 17 7 28

Figures5(b) and5(c) show theinterpolatedmodelwith two dif-
ferentsmoothnesseswith Tleaf � 800.With Tleaf � 100,theglobal
interpolatedmodelis quitecorrectbut on theleft of �gure 5(d) we
canseethatsometerrainareasare�at andhave not beencorrectly
reconstructed.This is dueto the fact that someleaf areascontain
many datapointswith almostthesameelevation. Thatmeansthat
manualinterventionsaresometimesneededin orderto interactively
correcttheinterpolationparameters.

Next, we userandomlydownsampledcontourline data. Only
2,332datapoints from the previous 21,442pointsareconserved,
that is about10%(seeFig.6(a)).Computingtimesaresummedup
in table3 and�gure 6(b) depictsthe resultingterrainwith a � 2
andTleaf � 800. Comparedwith �gure 5(b), the obtainedterrain
conservesperfectlytheglobalappearanceandmostof thedetailsof
thepreviousmodelwith 10 timeslessof data.No oscillationscan
beobservedbetweensamplepoints,andthis is evenmoretruewith
highervaluesof a . Thatmeansthat this kind of downsamplingis
not a problemfor reconstructingDEM from contourlines,andcan
beusedto speedup thereconstructionprocess.



(a) Original DEM with
1,314,992points

(b) 3D-view of theoriginalDEM

(c) DEM subsampledto
43,419points(3.3%of ini-
tial set)

(d) 3D-view of theinterpolatedDEM with Tleaf � 800anda � 5. ttotal � 531s

Figure4: Mount WashingtonDEM interpolation fr om scattered points



(a) Original contourlinessetmadeof
21,442pointson thegrid

(b) 3D-view of the interpolatedDEM with a � 2,
Tleaf � 800andttotal � 53s

(c) a � 10andTleaf � 800.ttotal � 53s (d) a � 2 andTleaf � 100.ttotal � 10s

Figure5: Mount St. Helensinterpolation fr om contour lines

(a) Contourlines resampledto 2,332
datapoints

(b) a � 2 andTleaf � 800.ttotal � 9s

Figure6: Mount St. Helensinterpolation fr om downsampledcontour lines



Table 3: Numerical resultsfor Mount St. Helens's downsam-
pled contour lines: 2,332 data points (grid is 223,153total
points)

Tleaf #leafs ttree trec teval ttotal

1200 4 0 8 7 16
800 8 0 3 5 9
400 16 0 1 3 5

5. CONCLUSION
We presenteda new ef�cient andeasyto implementalgorithm

for interpolatingscattereddata.It is basedonHardy'smultiquadric
RBF and the Partition of Unity approach.The global domainis
spatiallydecomposedinto overlappingrectanglesin a hierarchical
manner, then, the local RBF reconstructionis computedand the
localsolutionsarerecursively blendedtogether. TheRBFapproach
is chosento guaranteedarobustsolutionevenagainstnon-uniform
data.ThePoUdecompositionandblendingis usedto acceleratethe
process.It canbeusedto parallelizethereconstructionschemeon
a multiprocessorsystemandto out-of-coreprocessingin thecase
of a hugeamountof data.

Note that the generalmethodis independentof the local re-
constructionmethod.Furthermore,thehierarchicalPoUapproach
canbe combinedwith othermethods(suchthe Shepard's [22] or
Lee's [18] methods),in orderto improve them.

Wehaveusedvisualaspects,sensitivity to parameters,timing re-
quirementsto testcharacteristicsof our method.In termof visual
aspects,thealgorithmgeneratescrediblesmoothterrains.Our re-
constructionschemehasalinearbehavior with respectto thesizeof
initial dataandnear-constantevaluationtime. Thereconstructionis
completelyautomatic,but thenumericalstability canbeimproved
by manuallytuningthesetof initial parametersof PoUblending.

Ouralgorithmis usedto reconstructsmoothDEMsfrom unorga-
nizedelevation samplesespeciallyfrom contourlines. Obviously
it is a generalframework of reconstructionandit canbeappliedto
many otherinterpolationproblemsfor otherscienti�c applications
thatprocessscattereddatain two, tree,or moredimensions,for ex-
amplehypsography, geology, �nite elementmethod,MRI medical
imaging,shapetransformations,imageinpaintingandmoreothers.
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